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Linear-Parameter-Varying/Loop-Shaping
H,, Synthesis for a Missile Autopilot
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The design of a gain-scheduled autopilot for a bank-to-turn missile over a wide operating range is considered. The
main steps to obtain such a controller are explained. From a modeling point of view, the required linear fractional
transformation of the gain-scheduled modelis obtained by using polynomialexpressions for each varying coefficient
and amultivariablereduction procedure. Then amultivariablelinear parametrically varyingsynthesisis performed
in the spirit of the H,, /loop-shaping approach: the performance of the closed-loop system is defined by the use of
compensators that depend on the altitude; this framework allows for adaptation to enhance the performance of
the system because the specifications change considerably over the flight envelope. The gain-scheduled controller
is then obtained by solving linear matrix inequalities and then reducing using again the multivariable reduction
procedure. Lots of time- and frequency-domain analyses allow one to check the specifications: robust stability
and performance analyses are proceeded by use of the structured singular value; nonlinear simulations using a

six-degree-of-freedom model are also performed.

Nomenclature

lateral acceleration

normal acceleration
roll-moment coefficient

Dutch roll coefficient
roll-moment efficiency

normal moment coefficients
lateral moment coefficients
lateral force coefficients
normal force coefficients
lower LFT: Py, + P, K (I — P, K)"' Py,
upper LFT: Gy, + Gy A(I — G A)7'Gy,
. = identity n X n matrix

moments of inertia

= referencelength

= Mach number

= missile mass

= roll rate

dynamic pressure

= pitchrate

= yawrate

= missile velocity

= altitude

= angle of attack

= slideslip angle

commanded rudder deflection
executed rudder deflection
commanded elevator deflection
executed elevator deflection
commanded aileron deflection
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Eex = executed aileron deflection
T = 66% specified rise time

© = bank angle

0 = nulln X m matrix

I. Introduction

ODERN aircraft and missiles present an interesting chal-

lenge to autopilot design because the dynamics are highly
time varying and cross coupled. To control such plants over a large
operating domain, the controller has to be scheduled using exoge-
nous variables (suchas velocity,altitude,etc.) or internal ones (angle
of attack, etc.).

To obtain scheduled autopilots, the engineers usually design con-
trollers at distinct operating conditions and interpolate them. For
example, scheduled missile autopilotshave been designed using the
linear quadratic Gaussian approachin Ref. 1 and using the H,, the-
ory in Refs. 2 and 3; switched controllersdesigned using p synthesis
have also been developed in Ref. 4.

In recent years the emergence of new methods based on linear
matrix inequalities (LMI) has offered new perspectives to obtain
self-scheduled autopilots in a more systematic way (Refs. 5 and 6).
As an advantage, the scheduledcontrolleris obtainedin a single step
by considering the whole domain of operating conditions without
requiring repeated designs. On the other hand, more attention must
be given to obtain a linear parameter-varying (LPV) model of the
plant.

For linear time-invariant plants it is well known that robust con-
trollers with a high level of performance can be designed using
H,, methodsand particularlyusing the H,,/loop-shapingapproach.’
The objective of this paper is to demonstrate that an efficient LPV
controllercan be designedfor a six-degree-of-freedom(DOF) bank-
to-turn (BTT) missile controlled by a tail deflection by considering
the following steps:

1) The model of the missile is written as an LPV system whose
varying parameters are the Mach number and the altitude and put
on a linear fractional transformation (LFT) form.

2) A new parametric reduction procedure, based on the general-
ized gramians ! is defined to reduce the size of the LFT.

3) The plant model is shaped according to the H../loop-shaping
approach, where LPV compensatorsallow for adaptationto enhance
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the specified performance and robustness according to the evolution
of the parameters.

4) An LPV controlleris designed for the shaped plant by solving
LMIs,® whichis furtherreduced using the same parametricreduction
procedure.

Thisapproachis of practicaland theoreticalinterest. Firstit allows
the extension to a large operating domain of the good behavior pre-
viously obtained on a fixed flight point using the H,,/loop-shaping
approach.!” On the other hand, global stability and performance
are guaranteed for the synthesis LPV model, for all values of the
scheduling parameters and irrespective of their rate of variation.
Whenever the identification procedure yields a sufficiently accurate
model, one can expect that such properties are also obtained for the
actual plant.

The paper is organized as follows. Section II describes the LPV
missile model and the design objectives. In Sec. III an LFT repre-
sentationof the LPV modelis first obtained,and a multidimensional
parametric reduction procedure is developed. Section IV contains a
brief summary of the H,,/loop-shapingdesign and the LPV method
and describes the design of the parametric multivariable autopilot.
Section V is devoted to time- and frequency-domainlinear analyses
in order to check the specifications on the whole flightenvelope. Be-
sides it contains robust stability and performance analyses. Finally
nonlinearsix-DOF simulationsreflectingactual flightconditionsare
presentedin Sec. VI.

II. Missile Model and Control Problem
A. Aerodynamic Model and Control Scheme
Small-angle approximation of the dynamic model of a missile
leads to the following equations:
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From a control synthesis point of view, the plant measurements
ared,, d,,¢,q,r,and p (Fig. 1). The control inputs are 1, ey, and
&ex- The model (1) hasto be augmentedby one actuatorand one delay
on each channel; they are assumed to be described, respectively, by
a second-ordermodel and a first-order Padé approximation.
Becausea BTT missileis considered,the objectiveof the autopilot

is to control normal accelerationa, and bank angle ¢ (pitch and roll

channels) while maintaining the lateral accelerationa, to zero (yaw
channel).

In such a problem, the coupling terms between the pitch axis (on
one hand) and the yaw and roll axes (on the other hand) are almost
negligible. It is therefore more convenient to design separately an
autopilotfor the pitch axis and one for the yaw/roll axes by assuming
perfectdecoupling. The nonlinearsimulations will allow us to check
the relevance of this approach.

The flight envelope to be considered in this problem is shown in
Fig. 2. The trajectory of the missileis predefined and must follow the
nominal trajectory characterized by the bold line. The autopilothas
also to guarantee a good behavior for perturbed trajectories, which
are shifted by Mach 0.1 from the nominal one.

Over this wide field a gain-scheduledautopilothas to be designed.
The aerodynamic forces and moments depend on M, z, «, and B.
However, unlike what is done in Ref. 5, the range of variations
of the angle of attack « is quite small on almost the whole flight
envelope. It presumes that an ¢-independentautopilotcan guarantee
a good performance. Besides, « is not directly measured on line.
Furthermore the variations of 8 remain small for a BTT missile. For
thesereasonsneithera nor 8 will be taken as schedulingparameters.
Once again, the nonlinear simulations will allow us to justify these
choices and to verify the robustness with respect to the variations of
o supported by the missile.

B. Design Objectives

The controller has to ensure the following specifications for all
possible flight conditions: 1) 66% rise times lower than specified
values for the pitch and roll channels: the value for z =0, which is
denoted, is graduallyrelaxeduntil4t for z = zy,x; 2) limitationson
the firstand second derivativesof 9., £\, and &, ; 3) gain, phase,and
delay margins: atleast 7dB, 40 deg, and 0.17 for the inner, outer, and
equivalentloops (points 3, 2, and 1 on Fig. 1, respectively) for the
single-inputpitch channel and at least 6 dB, 30 deg, and 0.1t for the
multi-input yaw-roll channel; and 4) for all maneuvers reasonably
damped closed-loop responses and reasonably measurement noise
reduction for high frequency.

Obviously, the specifications are normalized by t for confi-
dentiality reasons. However the chosen value for 7 is the exact
value of the rise time required at z =0 for any pilot synthesized
for this missile, which in addition is satisfied by a pilot devel-
oped earlier using classical frequency-domainmethods. The reader
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will therefore be able to evaluate the performance of the proposed
design.

III. LFT Form of the Missile Model
A. LFT Missile Model
To obtain a gain-scheduled controller, the framework, which is
further used, requires an LPV model written as a LFT.!! Local
linearization of Eqgs. (1) leads to the following state-space rep-
resentation, Withx:(az q ay r @ P MNex f]ex {ex {ex S&X SEX)T’
y=(, qa, r ¢ p)T.andu="eo Lo &)

a a, O 0 0 0 a, ay 0
as as O 0 0 0 a; 0 0
0 0 ag a9y ay ap 0 0 ap
0 0 a4 a5 O 0 0 0 ae
0 0 0 a7 O 1 0 0 0
. 0 0 ag ay9 0 ay 0 0 as)
*“lo o 0o 0 0o 0o o 1 0
0O 0 O 0 0 0 —w} —2&w 0
0O 0 O 0 0 0 0 0 0
0O 0 O 0 0 0 0 0 —w;
0O 0 O 0 0 0 0 0 0
0O 0 O 0 0 0 0 0 0
y =

wo and & are the natural frequencyand the dampingand the actuators.
The 22 coefficients (ay, ..., ay) are functions of two exogenous
parameters: the Mach number M and the altitude z.

To obtain algebraic expressions, a least-squares procedure is
proceeded for all varying coefficients. It leads to 22 polynomials
dependenton M and z, shaped as follows:

a;(M, 2) = ajo + an M + ajpz + apMz + aiuM* + a;57°

+aicM*z + ais M7 + aigM® + a;7° (3)
The obtained LPV missile model is then
x(t) = A[M(@), z(1)]x(#) + Bu(r), Yy =Cx(t) @)

From this algebraic expression an LFT representation of the state-
space equations is obtained by using an LFT form for each param-
eter and collecting them. The resulting LFT is shaped as shown
in Fig. 3, where the sizes of the blocks depending on M and z
are ny =n, =220: obviously, this modeling leads to large-scale
matrices.

Exactreductionof this LFT is first considered using the approach
proposedin Ref. 12: after normalizationof the parameters, classical
state-space minimality concepts can be applied by considering that
reducing the size of one parameter block is the same problem as
reducing a nonminimal discrete-time state-space representation.

Removing first the z/ block and considering M as the “pseudo
delay operator,” an exact reduction is proceeded by removing the
“uncontrollable” and/or “unobservable” pseudostates of the corre-
sponding state-space realization. One proceeds then similarly by
interchanging the roles of M and z.

Although the procedure is not guaranteed to yield to an LFT of
minimal size, it allows one to obtain an LFT with smallerdimensions
of the parameter dependentblocks, namely n,, =18 and n, = 28.

MI, 0
> M
0zl

Fig.3 LFT of the LPV
missile model.
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Because the complexity of the resulting controllerdepends on the
model of the system, it is important to have an LFT as small as pos-
sible by keeping in mind the classical tradeoff between complexity
and precision of the model. Additional reduction procedures have
then to be defined and used.

B. Multidimensional Reduction Procedure

In Ref. 13 the notion of gramians have been extended to the case
of LFTs with several time-varying parameters as in the LPV mis-
sile model. It allows us to define a reduction procedure based on

0 0 0 o 0 0
0 0 0 o 0 0
as 0 0 o 0 0
0 0 0 o 0 0
0 0 0 o 0 0
0 ay O o 0 0
0 0 o o o o "
0 0 0 -2 0 0
1 0 0 o 0 0
2w, O 0 0 —w? 0
0 0 1 o 0 0
0 -0} —2&w, 0 0 —w}
06 x 6)x 2)

balanced truncation, as in the linear classical case. Let us recall the
main points of this theory.
The symmetric real matrices X and Y are generalized gramians

of the LFT
G G
F([ I 12} ’ A)
Gy Gx
if
X >0, Y >0, VA €A, AX = XA, AY = YA

G{1X611 - X+ G;Gzl <0, G YG{I -Y +G12G{2 <0 (5
whereA is the set of all admissible matrices A. The formulas (5)
show that the gramians are solutions of two LMIs with a constraint
on their structure.

If there exist singular generalized gramians, the A block of the
LFT may be reduced with no error'*: if F,(G, A) is well posed,
balanced LFT representations exist so that X =Y = ¥ = diag(%;)
with ¥; € R" *" diagonal and ¥; > 0. To obtain such realizations,
we proceed as in the classical case by defining a transformation
from the matrix 7' such as XY =T X2T~'. Then Y =TYT7 and
X = (T H)TXT™! are generalized gramians of F, (G, A), where

6o [T—IGHT T“Glzi| ©
Gy T Gn

As in the linear classical case, exact reduction s then proceeded by

truncating in G and A the rows and columns that correspond to the

null eigenvalues of the product XY.

To obtain exact reduction, one should then seek for generalized
gramians such that rank(XY) is minimum. This problem cannot be
solved using directly the LMI techniquesbecause of the nonconvex
constraint on the rank. It is well known that such problems, which
also arise for instance in designing reduced-ordercontrollers,!> are
difficult to solve.

Considering further the nonnull eigenvalues of XY, an approxi-
mate reductioncan be obtained. Suppose F, (G,, A,) is the reduced
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model of F, (f}, A), then the structured induced 2-norm (see Ref. 8
for details about SI2-norm) of the reduction error is bounded by

IF.(G.A) = F(Gr. A s <2 o )

where o; are the square roots of the truncated eigenvalues of XY
(Ref. 8). Besides F, (G,, A,) is well posed. Based on this property,
different algorithms have been developed in order to obtain gen-
eralized gramians X and Y with eigenvalues as small as possible.
Their efficiency on the LFT modeling of the missile has been stud-
ied in Ref. 16. The most efficient one is to consider the following
optimization problem.
maxy-1 y-1 trace (X 'Y ™!) subject to:

X~'>o, Y7'>0
VA €A, AXP=X"1A, AY T =Y7IA
Gl x~' —Xx~! 0 <0
G, X! 0 -1 J
[ = S e Y“GZI—|
G, Y' —-y! 0 <0 ®)
Gy Y! 0 -1

where Egs. (8) are obtained from Egs. (5) by using the Schur lemma.

This procedure still cannot be solved using LMI techniques be-
cause of the bilinear expression in the trace function. To obtain an
LMI problem, an algorithm based on the linearization of the cost
function!” is used: at a given point (X, ;) a linear approximation
of Trace (X~ 'Y~ 1) is

Trace (X~ 'Y~ ') &~ constant + Trace (XU_IY_1 + X_IYU_I) 9)

An iterative algorithm is then defined. From a feasible point
(X, Y1), find the point (Xy 41, Yi + 1) that solves the LMI problem:

max Trace(Xk_lY_1 + X_lYk_l) (10)
x—ly-!
subject to Egs. (8). The convergence of this algorithm has been
provenin Ref. 17.

The application of this reduction procedure on the LFT obtained
earlier allows one to reduce the size of the interconnected matrix.
Indeed the sizes of the parameter blocks (Fig. 3) have decreased
to ny =15 and n, =23. Because this reduction algorithm can be
applied on every LFT, it will be further used to reduce the LPV
controller (Sec. IV.D).

IV. Controller Synthesis

A. Robust Stabilization for a Fixed Model

The H,./loop-shaping problem is considered as in Refs. 7 and
10. These studies have shown that this H., problem is relevant be-
cause of two main reasons: it preserves a strong physical sense
because of the open-loop shaping, as explained further, and it is
known generally to provide good robustness qualities. The nominal
model G (s) is first shaped by introducing pre- and postcompensators
Wi (s) and W, (s) selected following the classical rules of automatic
control. The nominal model is then replaced by the shaped one
G () =Wr(s)G ()W, (5).

The H., problem to be solved is then: for y >0 as small as
possible, find a stabilizing controller K (s) such that

KS,G, KS,
$.G, S,
where S, (s) =[I + G,(s)K (s)]! is the sensitivity function.
This problem correspondsto the minimization of the norm of the
transferfrom (w, w,)” to(e; ;)7 (Fig.4). The feedbackcontroller
is then K/ (s) = W, (s) K (s) W,(s). The approach just described al-

lows one to design an autopilotfor a fixed flight point. An additional
procedure has to be defined to consider various flight conditions.

<y (11)
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Fig.4 Loop-shaping H,, problem.
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Fig.5 General interconnection structure of the gain-scheduled closed-
loop system.

B. Controller Synthesis of an LPV System
with an L, Gain Constraint

The goal of this section is to outline the key results of the theory
used to gain schedule the controller. More details can be found in
Ref. 9.

The interconnection structure for the design of gain-scheduled
controllers is depicted in Fig. 5, where

A By, B B,
P Irce Dyy Dy, Dez—l

C, Dy Dy Dp

C, Dy Dy 0

denotes the state-space realization of the open-loop plant and

AK BKI BKB
K = C‘Kl DKll DKIB
CKB DKBI DK99

is the state-space realization of the controller. u, y, w, and
e are respectively the control inputs, the measured outputs,
the exogenous inputs, and the controlled outputs; 6(¢) =[6,(¢),
...,0.(®)]" denotes the vector of the scheduling time-varying pa-
rameters; and A[6(?)] and Ag[6(z)] have the diagonal structures
diag(0, ()11, ..., 0. (1)1, ] with |6;(1)| <1Vt fori=1to L.

Let us define n (resp.ng, m, p, r, and r¢ ) the size of x {resp. xg,
u,y, A[0(t)] and Ag[0(t)]}. So, the plantis described by the upper
LFT F, (P, diag{f I, A[6(?)]}) and the controllerby the lower LFT

0 I m 0 0 I" K 0

FEitlLx O O)K{iI, O O ,diag{/[,,K,AK[Q(t)]}

o o 1)/ \o o 1

The integration of the time-varying parameter vector 6 (f) in the
controlleris expected to improve both the performance and the ro-
bustness of the closed-loop system, compared to an LTI controller.

The objective of the synthesis problem is to find K so that the
closed-loopsystem of Fig. 5 is robustly stable, that is, stable for all
admissible trajectories of 6(f) and has robust performance, that is,
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the L, gain (which is the extension of the H., norm) between e and
w remains below y for all trajectories of the parameters.’

The scaled bounded real lemma leads to sufficient conditions
for the solvability of this problem. It is merely a refined version
of the small gain theorem where the structure and the nature of
diag{f I,, A[6(t)]} are taken into account.

Let us define the following sets:

L,=
{(L=L" >0, LA[O(t)]= A[6(t)]L, for all admisibled ()}

_ _ T
Pp=(P=P">0)

The matrices of Ly, commute with all matrices A[6(¢)] while the
matrices of P obviously commute with the integrators block f L.

From the scaled bounded real lemma, the control problem just
defined is solvable whenever there exist pairs of symmetric matrices
(L, J)in Ly and (R, S) in Pj so that

N 07"
0 I

[RAT + AR RC! RCT B,J B, |

CsR =] 0 DyJ Dy

NR 0
C\R 0 =yl Dyl Dyl © /<0
JBT  JDL DT, —J 0

BT DI DI 0 =yl

[SA+ATS SB, SB, CIL CT

1

Ns 0 T BI'S —L 0 DIL D], Ng 0
|:0 1i| BITS 0 —yl DngL DIT1 |:0 Ii|<0
LCy LDyy LD,y —L 0
| C Dy Dy 0 _VI_
R 1 L 1
|:I Si| > 0, |:I Ji| >0 (12)

where Ny, Ny are any bases of the null spacesof | B] D[, DT,|and
[C; Dy D5i](Ref.9). From R, S, J, L, and y a controller matrix
K with ng =n and Ag[0(f)] = A[6(?)] is obtained by solving the
LMI:

W+ Pl KQ+ Q'K Py, <0 (13)
where
ATS+SA AN O SB, SB, 0 C! T
NTA 0 0 N'B, NNB, 0 0 0
0 0 —-L, =L, 0 0 0 0
w_| B/S BIN -L] —-L 0 0 Dj D
| BIS B'N 0 0 -1 0 DL D
0 0 0 0 0 —J —=h 0
Cy 0 0 Dy Dy —JI —J 0
C 0 0 Dy, Dy 0 0 —yl
0 I 0 0 0 000
Q0=1{C, 0 0 Dy Dy 0 0 O
0 07 0 0 000
IVNT E 0000 0 0—|
Py, BIS BIN 0 0 0 0 DI DI (14)
0 0 0001 0 OJ
with

R R RME

In some cases, the LMI (13) is ill conditioned, and solutions are
more easily found by using the following explicit formulas, which
extend the results explained in Ref. 18 to the LPV models. Let

-1
e A R A TS I

where P;{d denotes the pseudoinverseof Py, and P,i , is a full rank
matrix so that Py, Py =0, and

o = (s_lPTP - ‘~IJ)_1 where 0 < & < &max

Then the controller matrix is obtained as
K=—¢"P, @07 (Q20")™! (15)

In these solutions the interconnection block diag{fl,,K, Axl0@)]}
of the controller has the same structure and size as in the plant.

C. Design of the LPV-Shaped Plant

To incorporate the loop-shaping design objectives into the LPV
synthesis, the transfer between w and e of Fig. 5 must correspond
to the four-block criterion of Fig. 4. So the model used is the LPV-
shaped plant obtained by the series connection of the LPV missile
model and the compensators W, and W,.

The missile model corresponds to the LPV model linearized for
a stabilizing flight (see Sec. II); according to the H,,/loop-shaping
approach,’ the compensatorshave to shape the open-loop frequency
response. They are chosen with the following structure:

Wi(s) = [o1 /(w1 + 5113

Wa(s) = diag(K. + K/ /s, K., K, + K| /s, K, K, + K| /5, K ,)
(16)

Wi (s) is a roll-off filter whose cutoff frequency w, is adjusted to
attenuate the high-frequency sensor noise and to ensure the robust-
nessagainsthigh-frequencymodelinguncertainties,such as bending
modes and neglected actuator or sensor dynamics. W, (s) includes
first three scalar gains K, K,, K, (acting on g, r, p, respectively)
that are used to adjust the bandwidth of the inner loop; it also in-
cludes proportional and integral control on a., a,, ¢ in order to
achieve zero steady errors. This structure is one of the three classi-
cal ones whose properties are discussedin Ref. 19: for each channel
W, (s) exhibits three gains. According to Ref. 19, they have to be
tuned to place the three dominant closed-loop poles or equivalently
to obtain the required rise-time and stability margins, while main-
taining a small overshoot in response to normal accelerationor roll
angle step demands.

Six H., syntheses for the six fixed flight points shown in Fig. 2
have been proceeded. For each of them, the parameters of W, (s)
and W,(s) are tuned according to the rules just explained, while
obtaining a value between 3 and 3.5 for the H,, norm (11). It has
been found thatthe same filter W, (s) canbe chosen for all syntheses,
while W, (s) can be tuned with respectto the altitude z only. The nine
gains of W;(s) are then interpolated by a least-squares procedure,
where each of them is expressed as a third-order polynomial on z.

The LPV model of the shaped plant is then obtained by the series
connection of the LPV missile model and the LPV compensators.
The multidimensional reduction procedure (Sec. III) allows us to
formulate the shaped plant by an LFT as shown on Fig. 5 with
J 1= [ Ly and A[6(1)] = diag(MIs, z5).

D. Controller Synthesis and Reduction

The solutions of the LMI (12) and (13) lead to a controller K as
shown in Fig. 5. The interconnected matrix diag{fl,,K, Agl6®)]}
has the same structure and the same size as for the shaped plant.

Once again, the multidimensional reduction algorithm explained
in Sec. IIL.B is then executed. The reductionis very efficient because
it allows one to replace the 73 x 73 matrix Ag[6(f)] with a much
simpler block z/;. It means that the LPV controller K does not
dependatall on the Mach number. This resultis somewhatsurprising
because the variations of M are large, with significant effect on the
dynamics; however, one can see in Fig. 2 that for each value of z the
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Table1 Gain, phase, and delay margins

Equivalent-loop Equivalent-loop Outer-loop Outer-loop
Channel minimum values mean values minimum values mean values
Pitch channel 10.1dB 13.6dB 13.2dB 22.3dB
40.5 deg 52.2 deg 41.4deg 48.3 deg
0.167 0.337 0.827
Yaw and roll 7.9dB 10.9dB 9.0dB 12.8dB
channels 30.8 deg 37.7deg 29.7 deg 38.1deg
0.117 0.287 0.447
7 Rise-time - ¢
(1] fr. o 1. o 4 ! ! ;
: 0 zI | 0 zI, : : : /,/
: 5 5
- W, K w L 33 : ; ;
Fig. 6 Final gain-scheduled controller. ] R S P (O J
Rise-time - ¢
4.5 T T T DG e fermeeneneeens 1
4 S O SO J
35 | : :
1.5 g ST [ S 7
3 : : :
10 * * ;
Zmax
25 Altitude
P Fig.8 Rise times over three trajectories of the roll channel: ——, Mach
nominal; ----, Mach —0.1;--- - - , Mach +0.1.
1.5 the structured singular value (ssv) is computed. In the same way
multivariable phase and delay margins are obtained by considering

0
Altitude
Fig. 7 Rise times over three trajectories of the pitch channel: —,
Mach nominal; - ---, Mach— 0.1; - - - - - , Mach +0.1.

possible values of M are within a narrow interval, so that scheduling
the controller with respect to z takes implicitly into account the
variations of M.

Besides, a modal reduction procedure? is applied to reduce the
number of integrators of the controller: the original matrix f I, is
then replaced by f[l 1. Keeping in mind that the postcompensator
W, (s) has to be scheduled, the final autopilotis obtained as shown
in Fig. 6 in which the LPV compensators are described by their
state-space realization written as an LFT.

V. Linear Analysis of the Gain-Scheduled Autopilot

In this section the behavior of the scheduled autopilotis analyzed
for 41 linear models over each of three trajectories: the nominal
one, the —0.1 Mach-shifted one, and the +0.1 Mach-shifted one.
These three possible evolutions allow one to cover the entire flight
envelope.

A. Time-Domain Performance

Linear simulations over the flight envelope were carried out. The
rise time vs altitude is displayed in Fig. 7 for the pitch axis and in
Fig. 8 for the roll axis. The rise times evolve regularly according to
the altitude and are almost independent of the Mach number. The
maximal values of the actuator input derivatives are also checked
and are satisfying in all cases.

B. Stability Analysis

Gain, phase, and delay margins are evaluated at points 1 (equiva-
lentloop) and 2 (outerloop) (Fig. 1). As stabilizing flight models are
considered, there is an exact decoupling between the pitch channel
and the roll and yaw channels. The margins of the pitch channel are
classically evaluated from the open-loop frequency response.

To evaluate the multivariable gain margin of the yaw and roll
channels, diagonal gain uncertainties are added to the plant, and

phase and delay uncertainties. More informationis givenin Ref. 10
about such a computation of multivariable margins.

Table 1 shows the minimum and the mean values of gain, phase,
and delay margins obtained over the full envelope for the equivalent
and outer loops. The margins obtained are satisfying for all of the
points.

C. Robust Stability Analysis

To check the robust stability, 41 uncertain linear models are con-
sidered over each of the three trajectories already defined. The un-
certainties come from the ill-known 15 aerodynamic coefficients.
The specified dispersions are between 10 and 45%. The resulting
uncertain models are written as LFT, as explained in Ref. 10, in
which the interconnected matrix A is a 15 x 15 diagonal matrix.

Then, the robustness of the design in the face of such parametric
uncertainties has been analyzed using p analysis.!! Because the
coupling terms between the pitch channel and the others channels
are negligible, two separate ;v analyses are conducted. As shown
in Figs. 9 and 10, the maximum values of w are less than one for
both kinds of models, and so stabilityis guaranteed for uncertainties
higher than the specified dispersions.

D. Performance Analysis

First, the H,, norms (11) of all of the linearized models already
considered are computed and displayed in Figs. 11 and 12. The
values are very homogeneous all over the envelope. It had been also
noticed that the values are only 10 to 20% higher than those obtained
by performing separate H,, optimizations for fixed values of M
and z.

Second, the performance analysis is performed by determining
the L, gain of the LPV system. With the L, gain being computed
using an LMI, the parameters of the system have to evolve in a
convex set. The flight envelope of Fig. 2 is therefore divided into
two convex domains, namely a parallelogramcovering the altitudes
below zu,a /2 and a rectangle covering altitudes over Zy, /2. The
following values are obtained: 1) pitch channel—6.78 at low alti-
tude, 6.09 at high altitude; and 2) yaw/roll channel—4.68 at low
altitude, 6.10 at high altitude.



HIRET ET AL. 885

Upper values of the ssv
0.65 T T T

0.6

0.55

0.5

0.45

0.4

0.35

0.3

0.25)

02 H i i
0
Altitude

Fig. 9 Upper values of the ssv (pitch channel): ——, Mach nominal;
----,Mach—-0.1;----- , Mach +0.1.

Zimax

Upper values of the ssv
0.6 ! ! !

0.58
0.56¢"
0.54
052

0.5

0.48 : 5 :
0 zmax
Altitude
Fig. 10 Upper values of the ssv (yaw and roll channels): ——, Mach

nominal; - - - -, Mach — 0.1; - - - - -, Mach +0.1.

H, norms
4.8 ! j !

46
4.4f

4.2

3.8

3.6

3.4 : : :
0
Altitude

Fig. 11 H, norms of the pitch axis: ——, Mach nominal; ----,
Mach-0.1;--- - - , Mach +0.1.

These results are very satisfactory because they are close to the
H,, norms already obtained for LTI systems. It means that the LPV
controller can handle the parameter variations in order to avoid
disturbing the controlled plant a lot.

VI. Nonlinear Simulations

In this section the LPV controlleris tested with a nonlinearmodel
of the plant, where the aerodynamic forces and moments depend on
M, z,a,and B. Two kinds of simulationsaround two distant points of
the flight envelope have been proceeded: 1) step responses on pitch
(Fig. 13) androll (Fig. 14) channelswith z =0 and M = M, as ini-

H, norms
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0 Zinax
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Fig.12 H, norms of the yaw and roll axis: , Mach nominal;--- -,
Mach-0.1;--- - - , Mach +0.1.
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Fig. 13 Step responses of perturbed models (pitch channel) at low
altitude.
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Fig. 14 Step responses of perturbed models (roll channel) at low
altitude.

tial conditions;2) step responseson pitch (Fig. 15) and roll (Fig. 16)
channels with z =z, and M = M, as initial conditions. In both
cases the nonlinear simulation proceeds 20 different step responses
with perturbationson the aerodynamiccoefficients generated by the
Monte Carlo method. The amplitudes of the step demand correspond
to the maximum values acceptable for this missile. Of course those
values differ a lot for the two flight points selected.

These simulations allow us to confirm the good behavioralready
noticed in the linear case and reflect the actual performance of the
missile in a better way. The responses are very homogeneous: they
underline that the design has very good robustness properties. In
all cases the overshoot is small, and the rise-time requirement is
satisfied. It has also been verified that the sideslip angle, and the
rates and accelerations of the executed fin deflections remain below
their maximal allowable values. The low-altitude point also empha-
sizes the robustness of the LPV controller in regard to significant
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Fig. 16 Step responses of perturbed models (roll channel) at high
altitude.

variations of the angle of attack. The high-altitude point brings into
light the performance requirements. From a physical point of view,
these two tests are a good indicator of the performance obtained on
the whole flight domain.

This approachhas been compared to the interpolationof H,, con-
trollers designed for fixed flight conditions by considering the pitch
channel?! Time and frequency domain performances are almost
similar: it is not surprising to notice that the interpolated H,, con-
troller performs better if the flight conditions are fixed, whereas the
LPV controller yields better performance in case of fast variations
of the scheduling parameters. From a practical point of view, the
synthesis of the interpolated H,, controller reveals that to be more
tedious in tuning the design parameters.

VII. Conclusions

In this paper a framework is applied to gain-schedule controllers
in operational cases. It associates the H../loop-shaping design, the
LPV system theory, and a multidimensionalreduction algorithm. It
requires an LPV system model and LPV open-loop compensators
that are obtained using interpolation over a few number of flight
points. They allow the designer to adjust the specifications of the
open-loop according to the value of the parameters.

The LPV-shaped plant is then formulated by an LFT. The use of
the parametric multidimensional reduction procedure based on the
generalized grammians reduces the size of this LFT.

The gain-schedulingapproach allows us to obtain the LPV con-
troller in just one step by solving LMIs. Then the number of state
variables can be reduced by using classical algorithms. Once again,
the multidimensional reduction procedure is carried out in order to
reduce significantly the dependence of the controlleron the schedul-
ing parameters.

This techniquehasbeen successfullyapplied to a six-DOF missile
autopilot design. Because of the efficiency of the reduction proce-
dure, the resulting controller depends only on the altitudeand has 11
state variables. It satisfies the specifications over a wide operating

envelope. Robustness analyses and nonlinear six-DOF simulations
have shown that the controller performs well in case of perturbed
models.

This applicationhas putin light three main points. First, the evolu-
tion of the specifications over the whole operatingenvelopeis taken
into account by using LPV compensators. Second, the LPV H,
controller is easily obtained by solving LMIs. Third, the resulting
controller is not a complex one and could be easily implemented.
These points show how practical and interesting this framework is
in operational cases.
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